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New Model for Intense Self-Similar Vortices
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Concordia University, Montreal, Quebec H3G 1M8, Canada

A new model that is capable of generating single- or double-celled steady, incompressible, intense
vortices is proposed. As was evident in earlier experiments, depending on the values of scaling constants,
it is shown that the axial-velocity component may attain pro� les ranging from jet-like to wake-like. In
general, the radial-velocity pro� le has a similar shape as the tangential velocity, developing a direction
reversal near the axis of rotation when the two-celled vortex appears. For the case of a one-celled vortex,
the tangential velocity behaves like that of Rankine’s vortex with viscous smoothing near the core. How-
ever, as the reverse � ow inside the core matures the tangential velocity reduces gradually from the forced-
vortex pro� le while its maximum value is augmented. The evolution from a one-celled to a two-celled
vortex is also characterized by a migration of the vorticity peak from the central axis toward the core.
The present theory suggests that the implementation of the experimental data for the tangential velocity
near the core depends on the quality of the secondary � ow.

Nomenclature
C = arbitrary constant
f = general function
m, n = constant exponents
P = static pressure, Pa
Re = Reynolds number
r, z = radial and axial cylindrical coordinates
s, t = dummy variables
V = velocity
x, y, z = Cartesian coordinates
a = arbitrary constant
b = scaling constant
G = circulation, m2/s
DP = normalized pressure
d = normalized pressure
h = scaling constant
h1, h2 = model constants
k = scaling constant
n = kinematic viscosity, m2/s
r = density, kg/m3

V = vorticity

Subscripts
c = quantity at the vortex core
q = tangential component
r, u, z = radial, tangential, and axial component
0 = quantity at the vortex center
` = dimensional quantity

Superscript
* = dimensional quantity

I. Introduction

T HE violent swirling motion of air and water has fright-
ened, fascinated, and frustrated man since antiquity. To-

day, only a very limited number of technological and naturally
occurring � ows can be understood without the presence of
vortices. Vortices are routinely encountered in many power and
propulsion applications. In some applications, such as gas-tur-
bine and vortex combustors, the presence of vortices is essen-
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tial for the proper operation of the equipment. In others, as in
the case of trailing vortices, those generated in the draft tubes
of water turbines and those resulting from helicopter blades
are an undesirable biproduct of � uid motion, causing a loss of
equipment ef� ciency. These vortices may produce undesirable
vibrations and noise making it necessary to discover ways to
suppress them. For this reason this phenomenon is considered
to be of central importance in � uid dynamics and in related
� elds.

Fluid vortices can be of different sizes, shapes, and
strengths. Their spectrum ranges from the smallest turbulent
eddy (102 3 m) to planetary vortices (1010 m). Depending on
their aspect ratio (radius of maximum tangential velocity/
height) they may assume a disk- or a columnar-like shape. The
region inside the core of 0 # radius # radius of maximum
tangential velocity is also known to host a variety of waves.
Because of the latter and depending on the prevailing condi-
tions the vortex might develop a ‘‘rope’’-, ‘‘helical’’-, or a
‘‘sausage’’-like core as well as other shapes. Vortices that have
most of the axial vorticity component residing within their core
are known as concentrated vortices. If a tangential velocity is
several orders of magnitude larger than the radial and axial
components they may be called intense or strong vortices.

A theoretical description that is capable of capturing the � ow
details in intense vortices requires the numerical solution of
full Navier– Stokes equations. The latter model gives rise to
several complexities associated mainly with the unknown
boundary conditions and the fact that the tangential velocity
dominates the radial and axial-velocity components. Simpli� ed
models have been used in the past to study a variety of natu-
rally occurring and industrial problems.

The most elementary of vortex models is by Rankine.1 This
model assumes a linear tangential-velocity distribution inside
the core, with a hyperbolic variation outside this core. How-
ever, the velocity distribution possesses an unrealistic sharp
peak at the point of maximum velocity. In addition, both the
radial and axial-velocity components are required to be zero,
which presupposes the existence of an external source of en-
ergy at the core radius , to replenish that dissipated in 1 #r*c
r < `. Rankine’s tangential-velocity pro� le approximates the
actual pro� le, except near the core. The development of the
static pressure distribution is also very reasonable, suggesting
that the localized differences of the velocity near quietlyr*c
in� uence the pressure.

An improved model must take into consideration the
smoothing effects of viscosity in the neighborhood of . Ro-r*c
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Fig. 1 Schematic of the � ow pattern in the r– z plane for a) one-
and b) two-celled vortices.

senhead2 proposed an empirical tangential-velocity distribution
that has this property. This model simulates the effects of vis-
cosity near the core and assumes no zero radial and axial-
velocity components. However, Rosenhead’s model underes-
timates most of the measured values of the tangential velocity
near .r*c

Burgers’3 vortex model improves on the correlation between
the observed and predicted values for the tangential velocity,
but nevertheless assumes a linear pro� le for the radial velocity
and a constant axial velocity.

Vatistas et al.4 reported on an empirical vortex model that
produced a family of bounded velocity distributions. Depend-
ing on the value of an exponent, one could obtain tangen-
tial-velocity distributions ranging from Rankine’s1 to Ro-
senhead’s.2 Although all of the velocities were bound in
the interval [0, `), it produced only a jet-like axial velocity
with 100% de� cit near the central axis for most of the distribu-
tions.

In addition to Rankine’s model, where both the radial and
axial-velocity components are zero, the models of Refs. 2 – 4
assumed a one-celled vortex with the general � ow pattern in
the r – z plane shown qualitatively in Fig. 1a. Sullivan5 pro-
posed a two-celled vortex characterized by a direction reversal
of the radial and axial-velocity components near the axis of
rotation. The � ow pattern taking place in the r – z plane is

shown qualitatively in Fig. 1b. This model produces an un-
bound radial velocity and a wake-like axial-velocity pro� le
near the center, attaining a constant value asymptotically with
the radius.

Fernandez-Feria et al.6 reported on a family of self-similar,
nearly inviscid axisymmetric vortices. The tangential velocity
that was assumed was proportional to 1/rm2 2. Bultakov et al.7

presented a numerical solution to a class of self-similar viscous
cores assuming a power-law variation for the tangential veloc-
ity of the form Vu ’ rm.

The present paper reports on a new steady model where,
with a proper choice of the scaling parameters, one can pro-
duce single- or double-celled intense vortices. It is shown that
the axial-velocity component may develop a pure jet-like, or
a jet-like with a velocity de� cit at the central axis, or a wake-
like pro� le, as in the experiments of Escudier et al.8 (also see
Ref. 9). The radial-velocity pro� le has, in general, a similar
shape as the tangential velocity, in some instances exhibiting
a reversal of its direction near the axis of rotation. Both ve-
locity components are several orders of magnitude smaller than
the tangential velocity. For the case where a strong reverse
� ow exists near the central axis, the tangential velocity de-
scends from the well-known forced vortex, and its maximum
value increases. The results of previous and present theories
are expressed in terms of the nondimensional parameters pro-
posed by Vatistas et al.10

II. Formulation of the Problem
and Previous Theories

Consider a steady, incompressible columnar vortex. As in
most of the vortex models reported previously, the radial and
axial-velocity components are assumed to be several orders of
magnitude smaller than the tangential velocity, i.e.,

V * V *r zV = , V = << 1, or V and V ’ 2(d)r z r z
V * V *c c

and Vu is only a function of the radius. = , andV * G * /2pr*c ` c

is the vortex circulation. Under the previous assumptions,G *̀
the equations of motion in cylindrical coordinates (Fig. 2) are
as follows.

Continuity:

­V V ­Vr r z
1 1 = 0

­r r ­z

d d d

r-momentum:

2 2 2­V ­V V ­DP 1 ­ V 1 ­V V ­ Vr r u r r r rV 1 V 2 = 1 1 2 1r z S D2 2 2­r ­z r ­r Re ­r r ­r r ­z

d d d d 1 d d d d d

z-momentum:

2 2­V ­V ­DP 1 ­ V 1 ­V ­ Vz z z z zV 1 V = 1 1 1r z S D2 2­r ­z ­z Re ­r r ­r ­z

d d d d d d d d

u-momentum:

2­V V V 1 ­ V 1 ­V Vu r u u u u
V 1 = 1 2r S D2 2­r r Re ­r r ­r r

d 1 d 1 d 1 1 1
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Fig. 2 Coordinate system.

where r = , z = , Vu = , DP =r*/r* z*/r* V * /V * (P* 2c c u c

, P * is the pressure, is the pressure far from the2P*)/r*V * P*` c `

vortex center (r ® `), Re = , n* is the kinematic2V * r* /nc c

viscosity, and r* is the density.
Assume further that Vr is a function of the radius, which

implies that Vz = z fn(r). In view of the latter assumption and
that made previously (that both Vr and Vz are of the order d),
and retaining terms of order d or higher, the preceding equa-
tions simplify as follows.

Continuity:

1 d
(V r) 1 f (r) = 0 (1)r

r dr

r-momentum:

2V dDPu
= (2)

r dr

u-momentum:

V d 1 d 1 dr (V r) = (V r) (3)u uF Gr dr Re dr r dr

while the z-momentum equation indicates that the pressure
does not vary along the axial direction.

The vorticity components are given by

­V ­V V ­V ­Vu u u r z
V = 2 , V = 1 , V = 2 (4)r z u

­z ­r r ­z ­r

d 1 1 d d

where Vr = Vz = , and Vu =(V* r*)/V *, (V* r*))/V *r c c z c c

.(V*r*)/V *u c c

In terms of vorticity, the u-momentum equation is alterna-
tively given by

1 dVz
V V =r z

Re dr

Based on the preceding equation it is worthwhile to note that
the diffusion of vorticity is balanced by an equal convection
carried by the radial-velocity component.

The pressure is obtained from the r-momentum equation

r
2V u

drE r0

DP = (5)
` 2V u

drE r0

where DP = .(P* 2 P*)/(P* 2 P*)` 0 `

Considering the order of magnitude of the individual terms,
the vorticity components can be simpli� ed into

1 d
V = (V r), V = V ’ 0 (6)z u r ur dr

Utilization of the preceding outlined postulates produced
several simple models in the past that were discussed in the
Introduction of this paper. The velocity, vorticity, and radial
pressure distributions of past theories are depicted in Fig. 3.
Formulas for the velocity components associated with these
models are summarized in Table 1, and the degrees of vortex
concentration are given in Table 2. It can be seen from Table
2 that the limits of concentrated vortices are the Rankine’s
vortex,1 where all of the vorticity resides inside the core, and
Rosenhead’s model,2 where half of the vorticity is concentrated
in the core. In all of the previously mentioned theories the
steady vortex is maintained by transporting vorticity from large
radii toward the center by the radial velocity to replenish that
already dissipated. In Sullivan’s case,5 however, not only is
vorticity transported from afar by the radial-velocity toward
the core, it is also driven away from the center. As a result the
vorticity develops peaks near but not at the center of rotation.
The value of h2 = 6.238 in Sullivan’s model (Table 1) is the
root of the following equation

h2 2 s1 2 e
2h exp 2h 1 3 ds2 2S E Ds0

h t2 2s1 2 e
2 exp 2t 1 3 ds dt = 0E S E Ds0 0

which ensures that the maximum tangential velocity takes
place at r = 1. The value of h2 has been found numerically.

III. New Vortex Model
The starting point of the present model is with the work of

Escudier et al.,8 who demonstrated experimentally that the ax-
ial-velocity component is able to develop pro� les ranging from
jet-like to wake-like shapes. In an attempt to qualitatively sim-
ulate this behavior, we assume an axial-velocity variation of
the form

V 1 kz
= 2a 2 (7)F G2 2 2 2z (1 1 hbr ) (1 1 br )

where a, k, h, and b are constants. From continuity, Eq. (1),
the radial velocity is

k 1
V = ar 2 (8)r S D2 21 1 br 1 1 hbr

Integration of Eq. (3) yields

2 (akRe/2b )1 d (1 1 br )
(V r) = Cu ` 2 (aRe/2bh)r dr (1 1 hbr )

or

m21 d 1 1 br
(V r) = Cu ` F G2 (1/hk)r dr (1 1 hbr )

where C` is a constant, and m = akRe/2b. A second integration
of Eq. (3) produces the following expression for the tangential
velocity:

r m2C 1 1 br`
V = r dr (9)u E F G2 (1/hk)r (1 1 hbr )0
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Fig. 3 Pro� les of the a) tangential-velocity, b) radial-velocity, c) axial-velocity, d) vorticity, and e) static pressure from previous theories.
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Table 1 Velocity formulas for past vortex models

Vortex
model Vu Vr Vz/z

Rankine1 r, for r in [0, 1] 0 0
1/r, for r in [0, `)

Rosenhead2 r
21 1 r

4 r
2 2Re 1 1 r

8 1
2 2Re (1 1 r )

Burgers3 1 2[1 2 exp(2h r )]1
r

r
2h1

2
Re

4h1

Re

Vatistas et al.4 r
2n 1/n1 1(1 1 r )

2n2112(n 1 1) r1
2 2n1Re 1 1 r

24n (n 1 1) r (n 2 1)1 1 1

2n 21Re (1 1 r )

Sullivan5 21 H(h r )2

2r limH(h r )2
r `®

2 3 22r 1 [1 2 exp(2h r )]2H JRe r

4 2[1 2 3exp(2h r )]2
Re

Note: h 1 = 1.256, h 2 = 6.238, and H(h 2r 2) = exp dt.
2n r t 2 s2* [2t 1 3 * (1 2 e )/s ds]0 0

Table 2 Percentage of vorticity inside
the core for past vortex models

Vortex
model

Percentage
of vorticity

Rankine1 100.00
Rosenhead2 50.00
Burgers3 71.05
Vatistas et al.4 (for n = 2) 70.70
Sullivan5 88.30

Table 3 Percentage of
vorticity inside the core
for the present model

k
Percentage
of vorticity

0.00 63.01
0.40 64.96
0.50 65.70
0.60 66.71
0.70 68.02
0.80 69.85
0.90 72.67
1.00 77.76
1.03 80.32
1.08 87.22
1.10 91.42

Note: h = 0.625, b = 0.600.

The constant C` is evaluated using the boundary condition
Vur ® 1, when r ® `. Therefore

` m21 1 br
C = 1 r dr` YE F G2 (1/hk)(1 1 hbr )0

Given the values of the scaling constants h, b, and k, m
must be chosen in such a way as to allow the tangential ve-
locity to attain its maximum value at r = 1. This requirement
is obtained realizing that (dVu /dr)r=1 = 0, or

1 1 b
m log F Ghk(1 1 hb)

1 m
21 1 br

2 log r dr = 0 (10)E F G2 (1/hk)(1 1 hbr )0

The values for integral and the root are found numerically.
In terms of the constants h, b, and k, noting that a = 2hb/

Rek, the radial- and axial-velocity components are given re-
spectively, by,

V Rek k 1r
= r 2 (11)S D2 22mb 1 1 br 1 1 hbr

V Rek 1 kz
= 2 2 (12)F G2 2 2 22zmb (1 1 hbr ) (1 1 br )

The vorticity is given by

m21 1 br
V = C (13)z ` F G2 (1/hk)(1 1 hbr )

whereas the pressure distribution is obtained numerically with
Eq. (5), using the expression of the tangential velocity given
by Eq. (9).

Tangential-velocity pro� les for different values of k, with h
= 0.625 and b = 0.600, together with past experimental
data4,11– 18 are given in Fig. 4. When the values of k are small,

the familiar Rankine-like pro� le with a velocity smoothing ef-
fect near the core is apparent. The value of the maximum ve-
locity increases with k. For values of k > 1.00 the maximum
velocity value increases, and the tangential-velocity reduces
gradually from the forced-vortex pro� le. Consistent with the
assumption that the static pressure develops in such a manner
as to balance the centrifugal force, it produces the pro� les
shown in Fig. 5. It is evident from Fig. 5 that there is a very
small difference in the pressure variation for the given k. Be-
cause the differences of the static pressure are well within the
experimental error, one cannot in a reliable manner recover the
tangential velocity from the experimental pressure data.10,13,15,20

However, one cannot make conclusions with respect to the
� ow behavior taking the tangential velocity and pressure in
isolation. It is very important to investigate the behavior of the
other two velocity components. For small values of k (Fig. 6),
the radial velocity is negative and increases in value as the
radius becomes smaller, transporting the required vorticity
from a large distance away. The axial velocity exhibits a jet-
like behavior similar to a Gaussian distribution (Fig. 7). As the
value of k increases the maximum radial velocity increases,
while the axial becomes smaller and its distribution grows fat-
ter. At k = 0.70 the axial velocity has developed a depression
at the center that increases with k. For k = 1.00 a saddle-like
pro� le at r = 0 for the radial velocity is noticeable. At this
condition the axial-velocity pro� le exhibits a 100% de� cit at
the vortex center. A further increment of k produces a two-
celled vortex that is characterized by a secondary � ow taking
place inside the core that gives rise into a wake-like, axial-
velocity pro� le. Because the vorticity is simultaneously trans-
ported from a large distance, and away from the center, the
vorticity develops the peaks near the core, as shown in Fig. 8.
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Fig. 4 Comparisons of the tangential velocity from the present theory and previous experimental data.

Fig. 5 Comparisons of the static pressure from the present the-
ory and previous experimental data.

The percentage of vorticity inside the core for the present
model, as a function of k, is given in Table 3.

Considering the complexity of the problem, previously made
comparisons of the experimental tangential-velocity pro� les
with different theories that produce a single distribution for the
velocity were generally fair, with the exception being the

neighborhood of the core where the maximum spread of the
experimental points were noted. According to the present re-
sults this area happens to be the sector where the secondary
� ow in� uences the tangential-velocity distribution. Therefore,
it is hardly plausible to be able to represent the velocity and
pressure by single universal pro� les having the forms Vu =
fn(r) and DP = fn(r), respectively. The distinct features of the
secondary � ow near the core must also be taken into consid-
eration. Although speci� c values for the scaling constants (h
and b) were used in the presentation of results outlined earlier,
other choices of values will produce different magnitudes for
the � ow properties, but the main distinct features of the � ow
will be preserved.

For the case where k = 0 the � ow properties, the velocity
components and vorticity are, respectively,

V Re rr
= 2 (14)22m« 1 1 «r

V Re 2z
= (15)2 22zm« (1 1 «r )

2 m2 1(1 1 «r ) 2 1
V = (16)u 2 m21r(1 1 «r )

2(m 2 1)«
V = (17)z 2 m(1 1 «r )

where « = hb. The exponent m can be calculated using the
maximum tangential condition (dVu /dr)r=1 = 0, which yields

m2 1 m212«(1 1 «) 2 2«(m 2 1)[(1 1 «) 2 1]

m2 12 (1 1 «)[(1 1 «) 2 1] = 0 (18)
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Fig. 6 Radial-velocity pro� les, present theory.

Fig. 7 Axial-velocity pro� les, present theory.
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Fig. 8 Vorticity pro� les, present theory.

Fig. 9 Relationship between parameters «m vs « for single-cell
vortices.

For « = 1, Rosenhead’s2 vortex is obtained. It can be seen
from Fig. 9 that as « ® 0, m« ® 1.256 or the vortex tends to
Burgers’ model.3 For values of « in (0, 1] one can produce
values for the � ow properties that lie between these two vortex
models.

IV. Conclusions
A model for single- or double-celled intense vortices was

presented. Depending on the values of scaling constants, it was
shown that the axial-velocity component may attain pro� les
ranging from jet-like to wake-like, which are consistent with
previous experimental information. As the reverse � ow inside
the core developed, the tangential velocity reduced gradually
from the forced-vortex pro� le and the magnitude of the max-
imum velocity increased. The transition from a one-celled to
a two-celled vortex was characterized by the departure of the
vorticity peak from the central axis to a region near the core.
The present analysis suggested that it may not be possible to

represent the velocity and pressure distributions by single uni-
versal pro� les of the radius. The effects of the secondary � ow
near the core must also be included. The latter inclusion gives
rise to a family of self-similar pro� les for the � uid parameters
involved. Because of the relative insensitivity of the pressure
on the tangential velocity, it is also concluded that this velocity
cannot be recovered reliably from the experimental pressure
data. All � ow properties in the present model are bounded over
the entire semi-in� nite domain.
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